A new rotational version of Crofton's formula is derived for the intrinsic volumes of a domain Y in a space form. More precisely, a functional is defined on the intersection between Y and a totally geodesic submanifold (plane) through a fixed point, such that the rotational average of this functional is equal to the intrinsic volumes of Y . Particular cases of interest in stereology are considered for the Euclidean case.
Introduction
The central purpose of classical design based stereology is to infer geometric properties of a spatial structure (such as volume, surface area, or curve length) from suitable averages of measures observed on randomly located and orientated sections of the structure [1, 3] . Classical stereology largely borrows from integral geometry, where the mathematical objects corresponding to the mentioned properties are known as Quermassintegrals or Minkowski functionals, which may be regarded as quantities proportional to the motion invariant measure of r−planes hitting a convex body [6, 14] . More recently there has been a growing interest in relating Quermassintegrals -or suitable renormalizations of them, called intrinsic volumes ( [15, p. 209-210] ) -with sections produced by subspaces through a fixed point, or in general through a fixed subspace of a lower dimension [7, 12] . Particular cases [2, 5, 10, 16] were first developed and tried with success in the applications (notably in the stereology of particles and biological cells). The corresponding branch is known as local stereology [12] . It should be stressed that convexity is not a necessary assumption in stereology [1, 3] .
Motivated by local stereology, Jensen & Rataj [13] have recently studied the sections of a compact set of positive reach in R n produced by an isotropic r−subspace through a fixed point. The problem posed there is twofold, namely (i) to evaluate the rotational average of the intrinsic volumes defined in the section [13, §3] , and (ii), to find a functional defined on the section, such that its rotational average is an intrinsic volume of the original compact set, [13, §5] . The corresponding solutions involve hypergeometric functions and local curvature measures of the section domain.
On the other hand, drawing inspiration from a classical paper of Varga [17] , and using the idea of embedding a straight line into an isotropic plane through a fixed point, a new representation was found in [4] for the motion invariant density of straight lines in R 3 ; the isotropic plane was called a pivotal plane in [4] . Subsequently, the mentioned representation has been generalized to totally geodesic submanifolds in a space form M n λ [8] . The idea lies somewhere in between classical and local stereology because, whereas the pivotal plane is restricted to contain a fixed point, the relevant plane embedded in it, which will play the role of a stereological probe, is effectively equipped with the motion invariant density in M n λ .
It turns out that the preceding representation allows a very simple solution of the aforementioned problem (ii) posed in [13, §5] . The purpose of this paper is to present such a solution in general space forms for domains whose boundary is a hypersurface of class C k ( §3). Special cases and stereological applications of the Gauss-Bonnet formula are considered in §4.
Preliminaries
We largely adopt the notation used in [6, 14] . Here we repeat the essentials for the sake of completeness.
Our results will pertain to M n λ , the simply connected Riemannian manifold of sectional curvature λ (namely, the sphere when λ > 0, the hyperbolic space for λ < 0 and the Euclidean space R n for λ = 0). Let L n r denote a r−plane, (r ≤ n), namely a totally geodesic submanifold of dimension r in M , (Theorem 3.1), it turns out that ∂Y should be at least of class C r+1 . Therefore, in this paper we assume that ∂Y is of class C r+1 . Then, for 0 ≤ i < r < n the following identity holds [14, p. 248] ,
where 
The preceding notation is slightly different from the current one [13, 15] . We feel that the subsequent formulae look somewhat nicer with our convention. For completeness we set V 
Proof. For 1 ≤ i ≤ r ≤ n − 1 the result follows directly from (1) and (2). For 0 ≤ i ≤ r ≤ 1 we may resort to the relevant special cases of Crofton's formula for r−planes [6, 14] .
As stated in the Introduction, the problem (i) considered in [13] consisted in obtaining a rotational version of (3) for a compact set Y of positive reach, namely to evaluate the following integral,
On the other hand, the reciprocal problem (ii) considered in [13, §5] , which remained hitherto open, was to find a functional α r,i such that
Next we propose a solution to this problem for a domain Y in a space form M n λ .
In [8, Eq. (10) ] the following expression is given for the motion invariant
where dL 
λ whose boundary is a compact hypersurface ∂Y of class C r+1 . The intrinsic volume V i (K) defined by Eq. (2) can be expressed as the following rotational integral formula, (8) where c n,r,i is the constant defined in Eq. (3), whereas
Proof. First we have to prove that
. This is an interesting topological question which may be relevant to other rotational formulae (e.g. [8, Eq. (15)]). To avoid distraction, however, the corresponding proof is given in the Appendix. Then, bearing Definition 2.1 in mind, the result follows immediately on substituting the expression (6) into the left hand side of the first Eq. (3).
The following two examples serve as cross-checks. 
and (8) becomes (3) with r = n − 1.
Special cases

The nucleator formula of stereology for λ = 0
With the substitutions λ = r = i = 0, Theorem 3.1 yields
where
. Assume for a moment that the domain Y is star-shaped [7] with respect to O, and let l , whose orientation is determined by the unit vector u ∈ S n−1 . In this particular context it is therefore convenient to integrate over oriented rays rather than over unoriented lines. Then,
and (8) 
The element of probability measure of u induced by its rotation invariant density is P( du) = du/O n−1 , u ∈ S n−1 . Let E(·) denote the expectation operator with respect to this probability element, and set b n := n −1 O n−1 , the volume of the n−dimensional unit ball. Then Eq. (11) may be written,
which is the nucleator identity when Y is star-shaped with respect to O. The extension to arbitrary compact sets is straightforward, see for instance [2, 10] for n = 3.
The nucleator formula for λ = 0
Set r = i = 0 in Eq. (8) . Bearing the first and the third Eq. (7) in mind, the analogue to the integral in Eq. (12) can also be evaluated for each n. For star-shaped Y we only need to realise that l n + (u) now represents the length of the geodesic arc from O to ∂Y along L n 1 [0] in the direction u ∈ S n−1 .
Example 4.1. Suppose that Y is a star-shaped domain with respect to a fixed point O on the surface of a sphere of radius R in R 3 , namely λ = 1/R 2 , n = 2. Setting r = i = 0 in Eq. (8) we obtain the nucleator formula,
Example 4.2. Suppose that Y is a star-shaped domain with respect to a fixed point O on the surface of a pseudosphere of constant negative curvature λ = −1/R 2 in R 3 . Setting n = 2, r = i = 0 in Eq. (8) we obtain the corresponding nucleator formula,
4.3 Application of the Gauss-Bonnet formula when λ = 0
In order to generalize Eq. (2.19) from [4] we had hitherto resorted to the idea of hitting a convex set with a straight line, because then the number of intersection points with the boundary of the set is almost surely equal to 2, and interesting formulae emerge [8, 
where χ denotes the Euler-Poincaré characteristic. Thus, Eq. (9) becomes,
If the domain
= ∅, and we set χ(∅) = 0, whereby Eq. (8) yields,
Using the preceding identity as a starting point, next we give an interesting interpretation of V r (Y ) for a convex body Y ⊂ R n , in terms of the support set of Y ∩ L ] at z has a nonvoid intersection with ∂K. We define the support set H K of K with respect to z 0 as the set in R r+1 given by the union of all
Remark 4.1. In general the shape of the support set H K of a convex body K ⊂ R r+1 will depend on the position of the point z 0 ∈ R r+1 relative to K. 
where G r+1,n := G r+1,n−r−1 denotes the Grassmann manifold [14] , and dσ r+1 the volume element in R r+1 .
Proof.-Let dσ r+1 represent the volume element in L 
the expectation being over the isotropic probability element induced by dL
The integral in the right hand side of the preceding identity, which is used in the proof below, is given for instance in [14, Eq. (12.35)].
Proof.-Substituting n = 2r + 1 in Eq.(20) we obtain,
.
The expression of c 2r+1,r,r is available from Eq. (3), whereby the result (21) is readily obtained after simplification. . 
Application of the Gauss-Bonnet formula when λ = 0
The Gauss-Bonnet formula for λ = 0 has a very different expression from that of the Euclidean space [14, pp. 302-303]. However, for i = r = 1 we have
Then, Theorem 3.1 yields,
with
The preceding two identities constitute a generalization of Eq. (18) from [8] for non necessarily convex sets. In fact, if the domain Y is convex, then applying to Eq. (24) the representation of L 2 1 given by Eq. (5) from [8] , and using Eq. (23), we obtain Eq. (18) from [8] .
4.5 Correspondence between a special rotational formula from [13] and our Theorem 3.1
In our own notation, Example 4 from [13, p. 545] reads,
where Y ⊂ R 3 denotes a compact set of positive reach, dx 2 represents the area element at a point x ∈ R 2 , and |x| = distance(O, x). Using polar coordinates (ρ, ω), ρ ∈ (0, ∞), ω ∈ (0, 2π), and denoting by l + (ω; u) the radial function of the planar set Y ∩ L 
say. Thus, bearing in mind that the measure of the unit hemisphere S 2 + is 2π, Eq. (25) yields 4π
which is the nucleator identity (14) stemming from our Theorem 3.1 for n = 3. The full equivalence between the two approaches may further be explained as follows. With n = 3, Eq. (14) is based on a rotation invariant ray emanating from O in R 3 , whereas in the Jensen-Rataj construction one chooses first a rotation invariant plane through O and then, within this plane, one chooses a rotation invariant ray emanating from O. By virtue of the BlaschkePetkantschin identity, see for instance [14, p. 207] , both approaches are indeed equivalent. 
Purpose
Let X ⊂ M n λ be a closed submanifold of class C k , k =max{1 , q + r − n + 1} and dimension q. We want to show that if
with dimension q + r − n. An explanation for the need to specify the order k of smoothness can be found in [11] .
In particular, if X = ∂Y is the boundary of a domain Y ⊂ M n λ then, whenever ∂Y ∩L
, and the proof of Theorem 3.1 is complete.
Preliminary results for the Euclidean case (λ = 0)
Let G r,n be the Grassmann manifold of r-dimensional vector subspaces of
. It is easy to see that G r,n [1] is a submanifold of G r,n which can be identified with G r−1,n−1 .
For each fixed
n (the superscript n 0 means that we consider a fixed subspace in R n ). We denote by
Write R n as R n = R × R r−1 × R n−r and let (t, x, y) denote the corresponding coordinates, where t ∈ R, x ∈ R r−1 and y ∈ R n−r . After a linear change of coordinates we can write,
Let M = M (n−r)×(r−1) (R) represent the space of (n − r) × (r − 1) matrices and let φ : M → U be the map defined by
Then φ is a diffeomorphism which provides a coordinate system for G r,n [1] on U .
Proof.-Let N be the subset of G r,n [1] of subspaces L n r [1] which are not transversal to X on X \ L n 1 [0] . It suffices to show that for each L n 0 r [1] ∈ G r,n [1] , N ∩ U is a null set in U , where φ : M → U is the coordinate system described in the above paragraph (see [9, p. 39 
n−r be the map given by F (A, (t, x, y)) = y − Ax. , (t, x, y) ). We will show that F is transversal to {0}, or equivalently, that 0 is a regular value of F .
), such that y − A x = 0, and consider G = F •i, where i : M → M×X is the inclusion given by i(A) = (A, (t , x , y ) ) such that G(A) = y − Ax . If A = (a ij ) then we may express G in coordinates as
which gives
, then necessarily x = 0 and there exists an index j 0 such that x j 0 = 0. Thus, G has rank n − r and it is a submersion. On the other hand, by the chain rule,
which implies that F is also a submersion at (A , (t , x , y )). Therefore, 0 is a regular value of F .
By the Transversality Theorem [9, p. 68], the subsetÑ of matrices A ∈ M such that F A is not transversal to {0} is a null set in M. Moreover, since F A (t, x, y) = y − Ax, we have that F A (t, x, y) = 0 if and only if (t, x, y) ∈ L n A r [1] and F A is transversal to {0} if and only if L
. In other words, we have that φ(Ñ ) = N , which implies that N is a null set in U .
∈ G 1,n and let T z X denote the tangent space to X at the point z ∈ X. Suppose that
Then L n r [1] is transversal to X for almost every L n r [1] ∈ G r,n [1] .
Proof.-Let N be the subset of G r,n [1] consisting of the subspaces L n r [1] which are not transversal to X on X \ L n 1 [0] , which by virtue of Lemma 5.1 is a null set. Assume that X ∩ L n 1[0] = {z 1 , . . . , z k } and for each i = 1, . . . , k let N i be the subset of G r,n [1] of subspaces L n r [1] which are not transversal to X at z i . We only need to show that each N i is also a null set. But this is obvious because
where T z i X is a q-plane with q + r ≥ n and we have assumed that L
General case M n λ
It is useful to consider the embedding of the space form M n λ into R n+1 as follows. Let (x 0 , x 1 , . . . , x n ) denote the coordinates of a point in R n+1 . Then M n λ may be regarded as the hypersurface of R n+1 defined by the following equations, 
and the transversality equivalence is thereby proved.
Remark 5.1. The condition q + r ≥ n is necessary in the case O ∈ X. In fact, if O ∈ X and q + r < n, then the set of r-planes L 
